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Abstrat
We present dierent non-perturbative alulations within the ontext
of Migdal's representation for the propagator and eetive ation of
quantum partiles. We rst alulate the exat propagators and ee-
tive ations for Dira, salar and Proa elds in the presene of on-
stant eletromagneti elds, for an even-dimensional spaetime. Then
we derive the propagator for a harged salar eld in a spaelike vor-
tex (i.e., instanton) bakground, in a long-distane expansion, and the
exat propagator for a massless Dira eld in 1 + 1 dimensions in an
arbitrary bakground. Finally, we present an interpretation of the hi-
ral anomaly in the present ontext, nding a ondition that the paths
must full in order to have a non-vanishing anomaly.
1 Introdution
Worldline formulations have been applied sine a long time ago [1℄ to the
derivation of many interesting Quantum Field Theory results. More reent
appliations have emerged as a by-produt of the new insights gained by the
re-derivation of worldline representations by taking the innite tension limit
in (perturbative) string theory amplitudes [2℄, and by the introdution of new
ways to handle the spin degrees of freedom [3, 4, 5℄. Besides, elegant proposals
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to treat more general situations, involving internal degrees of freedom and
general ouplings to higher-spin elds have been advaned [6, 7℄.
In these methods, dierent sets of variables and alternative onstrutions
have been used in order to `exponentiate' the relevant observables and then
perform the path integral. In spite of the formal equivalene between the
dierent methods, there are few onrete alulations that may serve as tests
to gain a deeper understanding of the method and about the physis in-
volved. Important steps in that diretion have already been taken; indeed,
some non-perturbative alulations orresponding to external onstant ele-
tromagneti elds have been obtained within the worldline representation [8℄.
Another setting were the worldline approah an be independently tested is
in numerial alulations [9℄.
In this artile, we present new tests orresponding to onrete examples,
obtained within the worldline path-integral representation for Dira elds in
the rst order formalism introdued by Migdal in [10℄ and further extended
in [4, 5℄. The rst order formalism preserves the geometrial piture and is
quite intuitive (for example, it does not involve Grassmann variables). These
two features are, we believe, among the main advantages of the worldline
method. It is also more adequate for some numerial omputations whih
are speially suited for non perturbative alulations.
We shall follow our previous work [11℄, where some features of the method
have been disussed in detail, inluding a proof of the equivalene with stan-
dard Quantum Field Theory at the perturbative level.
The struture of this paper is as follows: in setion 2 we briey review
the main properties of the representation introdued in [10℄, with emphasis
in the objets we shall be onerned with in the examples. To eluidate
the quite general nature of this approah, we also introdue the worldline
representation for the propagator and the eetive ation orresponding to
a Proa eld.
In 3 we deal with a onstant Fµν eld in 1 + 1 dimensions, for the Dira,
salar and Proa ases. In setion 4, we generalize the previous ases to d > 2
( d = even) dimensions.
Setion 5 ontains a derivation of the salar propagator in a vortex-like
bakground in 1 + 1 dimensions, and setion 6 the alulation of the exat
propagator for a massless Dira eld in 1 + 1 dimensions.
In setion 7 we present a study of the kind of `roughness' one should
expet the trajetories to have, in order to ontribute to the hiral anomaly.
We show that there has to be a singularity in the orrelation between dierent
time derivatives of the paths, whose preise form depends on the number of
spaetime dimension.
Finally, setion 8 presents our onlusions.
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2 The method
Our aim here is to alulate the propagator and eetive ation orresponding
to external eletromagneti elds. We shall be onerned with Dira, salar
and Proa models, oupled to Abelian gauge elds.
Let us onsider rst the ase of a massive Dira eld in d Eulidean
dimensions, whose ation, Sf , has the following form:
Sf (ψ¯, ψ, A) =
∫
ddx ψ¯( 6D +m)ψ , (1)
where
6D ≡ γµDµ , Dµ = ∂µ + ieAµ , γ†µ = γµ , µ = 1, . . . , d . (2)
The γµ matries satisfy the Cliord Algebra:
{γµ, γν} = 2 δµν ∀µ = 1, . . . , d , (3)
Aµ denotes an Abelian gauge eld and e is a oupling onstant with the
dimensions of [mass]
4−d
2
.
In the worldline formulation of [10℄, the fermion propagator, denoted here
by Gf(x, y), is represented by the path integral:
Gf (x, y) =
∫ ∞
0
dT e−mT
∫ x(T )=x
x(0)=y
DpDx ei
∫ T
0 dτp(τ)·x˙(τ)
× P[e−i
∫ T
0 dτ 6p(τ)] e−ie
∫ T
0 dτx˙(τ)·A[x(τ)] , (4)
where we have expliitly indiated the boundary onditions for the xµ(τ)
paths. The pµ(τ) paths are, on the other hand, unonstrained.
Another objet we will be interested in is Γf (A), the (normalized) on-
tribution of the fermioni determinant to the eetive ation:
Γf (A) ≡ − ln
[det ( 6D +m)
det
( 6∂ +m) ] = −Tr ln( 6D +m) + Tr ln( 6∂ +m) , (5)
whih (by denition) veries Γf(0) = 0.
For Γf (A) we have the worldline representation:
Γf (A) =
∫ ∞
0
dT
T
e−mT
∫
x(0)=x(T )
DpDx ei
∫ T
0
dτpµ(τ)x˙µ(τ)
× tr[Pe−i ∫ T0 dτ 6p(τ)] e−ie ∫ T0 dτx˙µ(τ)Aµ[x(τ)] , (6)
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where the funtional integration measure may be formally represented as:
DpDx ≡
∏
0<τ≤T
ddx(τ)ddp(τ)
(2π)d
, (7)
and it is (also formally) dimensionless, sine there are as many dp's as there
are dx's in the integration measure and, in our onventions, ~ = 1. Of ourse,
this formal denition an be made more rigorous by introduing a disrete
approximation to it, and taking the orresponding limit. This proedure will,
indeed, be used later on to deal with some examples.
We will also onsider omplex salar elds, their propagators (to be de-
noted by Gb) and their ontribution to the eetive ation (Γb). In the
ontext of the worldline formulation we have explained before, those objets
have similar expressions to their Dira ounterparts. Indeed, if the eld the-
ory ation Sb for ϕ, ϕ¯ is:
Sb =
∫
ddx
[
D¯µϕDµϕ + m
2ϕ¯ϕ
]
, (8)
then, an entirely analogous denition to the one used for the Dira eld leads
to
Gb(x, y) =
∫ ∞
0
dT e−m
2T
∫ x(T )=x
x(0)=y
DpDx ei
∫ T
0
dτp(τ)·x˙(τ)
× e−
∫ T
0
dτ p2(τ) e−ie
∫ T
0
dτx˙(τ)·A[x(τ)] , (9)
and
Γb(A) = −
∫ ∞
0
dT
T
e−m
2T
∫
x(0)=x(T )
DxDp ei
∫ T
0 dτpµ(τ)x˙µ(τ)
× e−
∫ T
0
dτ p2(τ) e−ie
∫ T
0
dτx˙µ(τ)Aµ[x(τ)] . (10)
It is interesting to ompare the previous expressions with their Dira eld
ounterparts: note that the dierene amounts to replaing the objet
Φf (T ) ≡ P
[
e−i
∫ T
0
dτ 6p(τ)], (11)
by
Φb(T ) ≡ e−
∫ T
0
dτ p2(τ), (12)
in the orresponding fermioni formula. Besides, there is a (−1) fator in Γb
beause of the dierent statistis; m is replaed by m2, and the trae of Φb
is of ourse absent.
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This general struture will reprodue itself with more or less straightfor-
ward hanges for the next example that we shall onsider: the Proa eld,
for whih we use aµ to denote the eld variable, to avoid onfusion with the
gauge eld Aµ. The Eulidean ation, SP , is dened by:
SP =
∫
ddx
(1
4
fµνfµν +
1
2
m2aµaµ
)
. (13)
where fµν = ∂µaν − ∂νaµ. This ation orresponds of ourse to the ase of
a real eld, for whih it makes sense to dene the (free) propagator, but
to allow for a oupling to an external gauge eld Aµ, we also onsider the
omplex eld version:
SP (a
∗, a;A) =
∫
ddx
(1
2
|Dµaν −Dνaµ|2 +m2|a|2
)
(14)
with the ovariant derivative Dµ = ∂µ + ieAµ.
Based on the form of the Eulidean ations, it is rather straightforward
to derive the propagator in the presene of an external eld Aµ. Indeed, we
have
GP (x, y) =
∫ ∞
0
dT e−m
2T
∫ x(T )=x
x(0)=y
DpDx ei
∫ T
0
dτp(τ)·x˙(τ)
× ΦP (T ) e−ie
∫ T
0
dτx˙(τ)·A[x(τ)] , (15)
with
ΦP (T ) = P exp
[
−
∫ T
0
dτpα(τ)pβ(τ)Γ
P
αβ
]
(16)
and the ΓPαβ are a set of d× d matries whose omponents are:[
ΓPαβ
]
µν
= δαβδµν − 1
2
(
δαµδβν + δανδβµ
)
. (17)
It should now be lear that, when onsidering the one loop eetive ation
one needs to evaluate the expression:
ΓP (A) = −
∫ ∞
0
dT
T
e−m
2T
∫
x(0)=x(T )
DpDx ei
∫ T
0 dτp(τ)·x˙(τ)
× tr[ΦP (T )] e−ie ∫ T0 dτx˙(τ)·A[x(τ)] . (18)
A quite remarkable property, that we may use to our advantage, is that
the funtional integral over xµ, for a given bakground eld Aµ is the same
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for all the elds. The dierenes shall of ourse appear when evaluating the
integrals over pµ, sine they are aeted by the spin-dependent fator Φ(T ).
We onlude this setion by mentioning that the previous representations
are not unique (in many ways). One of the reasons is that one may always
desribe a theory (with any spin) in terms of rst order equations, although
for a dierent set of eld variables. Indeed, the equations of motion for a free
eld ϕ may always be written as follows [12℄:(
Γµ∂µ +m
)
φ(x) = 0 (19)
where φ is a multiomponent eld, dened in terms of ϕ and its derivatives,
while Γµ are matries whose form depend on the spin ontent of the original
eld ϕ. For example, for a massive real salar eld ϕ, we may write the
ation:
S =
m
2
∫
ddx φ¯(Γµ∂µ +m)φ , (20)
where the Γµ are, in this ase, the (d+ 1)× (d+ 1) matries[
Γµ
]
ab
= δa,µ+1δν+1,b (21)
and
φ =

ϕ
−∂1ϕ/m
−∂2ϕ/m
. . .
−∂dϕ/m
 . (22)
The `adjoint' φ¯ is dened as: φ¯ = φTΓ0, where
Γ0 =
(
1 01×d
0d×1 Id×d
)
. (23)
If the eld is instead omplex, and it is oupled to an external gauge eld
Aµ, we have
S = m
∫
ddx φ¯(ΓµDµ +m)φ , (24)
with the only dierene with respet to the previous ase in that φ¯ = φ†Γ0.
The generalization to higher spins J is simple, although are must be
taken when onsidering J > 1 [12℄, due to the existene of non-trivial on-
straints on the state vetors, depending on representation hosen for the Γµ
matries.
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One this rst-order formulation is introdued, one may write a world-line
representation for the one-loop eetive ation Γ, whih is given by:
Γ(A) =
∫ ∞
0
dT
T
e−mT
∫
x(0)=x(T )
DpDx ei
∫ T
0
dτpµ(τ)x˙µ(τ)
× tr[Pe−i ∫ T0 dτΓµpµ(τ)] e−ie ∫ T0 dτx˙µ(τ)Aµ[x(τ)] , (25)
whih has the same struture as the one introdued for the Dira ase
1
.
3 Constant external eld in 1 + 1 dimensions
3.1 Dira eld
We shall present here the evaluation of the fermioni determinant and prop-
agator for a massive Dira eld in the presene of a onstant external Fµν
eld, in 1 + 1 dimensions. As usual, rather than working diretly with the
determinant, we instead use the eetive ation Γf(A),
Γf(A) =
∫ ∞
0
dT
T
e−mT
∫
x(0)=x(T )
DpDx ei
∫ T
0
dτpµ(τ)x˙µ(τ)
× tr
[
Pe−i
∫ T
0 dτ 6p(τ)
]
e−ie
∫ T
0 dτ x˙µ(τ)Aµ(x(τ)), (26)
where Aµ is suh that:
Fµν = ∂µAν − ∂νAµ = F εµν , (27)
with F ≡ constant. For Aµ we adopt a gauge-xing ondition suh that
A1(x) = −F x2 , A2 = 0 . (28)
We then see that:
Γf (A) =
∫ ∞
0
dT
T
e−mT
∫
Dp tr
[
Pe−i
∫ T
0
dτ 6p(τ)
]
Z(p, F ) (29)
with
Z(p, F ) =
∫
x(0)=x(T )
Dx ei
∫ T
0
dτ pµ(τ)x˙µ(τ) eieF
∫ T
0
dτ x˙1(τ)x2(τ) . (30)
1
The struture is more ompliated for J > 1, see [12℄.
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We shall now evaluate Z(p, F ). As it will beome lear, the same objet
appears within the ontext of the omplex salar eld determinant.
To evaluate, we rst separate it into two iterated integrals, one for eah
omponent:
Z(p, F ) =
∫
x2(0)=x2(T )
Dx2
{
ei
∫ T
0 dτx˙2(τ) p2(τ)
×
∫
x1(0)=x1(T )
Dx1 ei
∫ T
0 dτx˙1(τ)[eFx2(τ) + p1(τ)]
}
. (31)
The two previous integrals are quite simple to evaluate, the result being:
Z(p, F ) ∝ exp[− i
eF
∫ T
0
dτ p˙1(τ)p2(τ)] , (32)
an expression whih aptures the exat dependene on pµ(τ). However, in
order to alulate Γf (A) exatly, we need to know the exat form of Z(A),
inluding any relevant global fator. One safe way to do that is, as usual, to
introdue a disretization of the funtional integral. For example, splitting
the [0, T ] interval into n sub-intervals, we see that the funtional integral
over x1(τ) is given by the limit:∫
x1(0)=x1(T )
Dx1 ei
∫ T
0 dτx˙1(τ)[eFx2(τ) + p1(τ)]
= lim
n→∞
{∫ ( n∏
k=1
dx
(k)
1
)
ei
∑n
k=1(x
(k+1)
1 −x(k)1 )[eFx(k)2 + p(k)1 ]
}
, (33)
where x
(k)
1 denotes x1(τ) at the disrete time τk, with τk ≡ kTn , and a similar
onvention for x2 and pµ. Periodiity requires x
(n+1)
µ = x
(1)
µ . It is then
immediate to see that:∫ ( n∏
k=1
dx
(k)
1
)
ei
∑n
k=1(x
(k+1)
1 −x(k)1 )[eFx(k)2 + p(k)1 ]
= L1
n−1∏
k=1
2π δ
(
eF (x
(l)
2 − x(l−1)2 ) + p(l)1 − p(l−1)1
)
, (34)
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where L1 is the total length of the system along the x1 oordinate. Disretiz-
ing also the x2(τ) integral, an analogous alulation yields:
Z(p, F ) = L1 L2 lim
n→∞
{
(
2π
eF
)n−1 e−
i
eF
∑n
k=1 p
(k)
2 (p
(k+1)
1 −p(k)1 )
}
=
eFL1L2
2π
lim
n→∞
{
(
2π
eF
)n e−
i
eF
∑n
k=1 p
(k)
2 (p
(k+1)
1 −p(k)1 )
}
= ξ lim
n→∞
{
(
2π
eF
)n e−
i
eF
∑n
k=1 p
(k)
2 (p
(k+1)
1 −p(k)1 )
}
, (35)
where L2 is the system length along the seond oordinate. We have fatored-
out the dimensionless quantity ξ ≡ eFL1L2
2pi
, whih measures the `ux' through
the system's area L1L2, in units of the elementary ux.
Note also that the produt of δ funtions implies, in partiular, that the
integral over p1(τ) (to be performed next), will be over a spae of periodi
paths. Namely, the integral over x enfores periodi boundary onditions for
the integral over p1.
Then we insert the previous result for Z(p, T ) into the expression for
Γf (A), and see that:
Γf (A) = ξ
∫ ∞
0
dT
T
e−mT
∫
p1(0)=p1(T )
D̂p
× tr
[
Pe−i
∫ T
0
dτ 6p(τ)
]
e−
i
eF
∫ T
0
dτ p˙1(τ)p2(τ), (36)
where the new integration measure for p(τ), D̂p, is dened by:
D̂p =
∏
0<τ≤T
dp1(τ)dp2(τ)
2πeF
, (37)
(note that one of the two (2π) fators from (7) anels out). In the integral
over p(τ), due to the presene of the term
∫
dτ p˙1(τ)p2(τ) in the exponent, the
funtional integral is equivalent to the operatorial trae of an evolution oper-
ator, with the pµ's replaed by time-independent, nonommuting operators:
Γf(A) = ξ
∫ ∞
0
dT
T
e−mT Tr
(
e−i T 6pˆ
)
, (38)
where the pˆµ's satisfy the ommutation relation:
[pˆ1 , pˆ2] = −ieF , (39)
and the trae is over Hilbert and Dira spaes.
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To evaluate that trae we rst write the operator 6 pˆ more expliitly, as
follows:
6 pˆ =
√
2eF Ô, (40)
where
Ô =
(
0 aˆ
aˆ† 0
)
, (41)
and aˆ ≡ pˆ1−ipˆ2√
2eF
, aˆ† ≡ pˆ1+ipˆ2√
2eF
(we assume that eF > 0).
Sine the operators aˆ and aˆ† verify [aˆ, aˆ†] = 1, we an alulate the
spetrum of the self-adjoint operator Ô exatly. Indeed, we nd the exat
eigenvalues and eigenvetors to be the following:
Ô|ϕ(±)n 〉 = λ(±)n |ϕ(±)n 〉 , n ∈ N
Ô|ϕ0〉 = 0 , (42)
where
λ(±)n = ±
√
n , n = 1, 2, . . . (43)
and
|ϕ(±)n 〉 =
1√
2
( ±|n− 1〉
|n〉
)
n = 1, 2, . . .
|ϕ0〉 =
(
0
|0〉
)
. (44)
Here, |n〉 denotes the (normalized) eigenstates of the `number' operator aˆ†aˆ.
Note that the upper element in |ϕ0〉 is 0 (the null vetor), while the lower
one is the `vauum' state.
Then the eetive ation beomes:
Γf (A) = ξ
∫ ∞
0
dT
T
e−mT
[
1 +
∞∑
n=1
(
e−iT
√
2eFn + eiT
√
2eFn
)]
, (45)
or, integrating out T :
Γf(A) = ξ
[
lnm +
∞∑
n=1
ln(m2 + 2eFn)
]
, (46)
where we have negleted a onstant whih is independent of F and m.
Now to sum up the series, we use the representation:
ln x = − lim
s→0
d
ds
[x−s], (47)
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to obtain:
Γf (A) = ξ lim
s→0
d
ds
{ ∞∑
n=1
(m2 + 2eFn)−s +m−s
}
, (48)
or:
Γf(A) = ξ lim
s→0
d
ds
{ ∞∑
n=1
(2eF )−s(n+
m2
2eF
)−s +m−s
}
, (49)
and
Γf(A) = ξ lim
s→0
d
ds
{
(2eF )−sζH(s; 1 +
m2
2eF
) +m−s
}
, (50)
where ζH denotes Hurwitz ζ-funtion. The eetive ation is then obtained
by taking the limit expliitly, and it is oinident with the results of [13℄,
namely:
Γf(A) = L1L2
[eF +m2
4π
ln(2eF )
+
eF
2π
ln Γ(1 +
m2
2eF
)− eF
4π
ln(2πm2)
]
. (51)
The imaginary part of Γ˜(1+1)(A) in Minkowski spaetime may be obtained
by Wik rotating: F → iF , so that:
ℑ[Γ˜(1+1)(A)] =
∞∑
n=1
arctan[
2eFn
m2
] , (52)
whih an be also written in terms of the dimensionless vauum angle [14℄ θ
for the massive Shwinger model
θ =
2πF
e
, (53)
as:
ℑ[Γ˜(1+1)(A)] =
∞∑
n=1
arctan[(
e2
m2
)
θn
π
] . (54)
The result for the imaginary part does not exhibit the periodiity in θ of the
interating model, sine here the gauge eld is not dynamial.
The proedure we have followed for the alulation of the eetive ation
may of ourse also be applied to the propagator, if one takes into aount
the main dierenes: namely, that the integration over x is not over periodi
paths, and that the spin degrees of freedom are not traed. Thus we are lead
to:
Gf(x, y) =
∫ ∞
0
dT e−mT 〈x|e−i T 6pˆ|y〉 , (55)
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with the same denition for pˆ we had in the eetive ation alulation. In
abstrat operatorial form:
Gf =
∫ ∞
0
dT e−mT e−i T 6pˆ , (56)
and matrix elements may be taken with respet to any onvenient basis. Sine
we already know the eigenvetors of pˆ, we an use that basis. Integrating out
over the `time' T the result is
Gf =
1
m
P0 +
∞∑
n=1
{ 2m
m2 + 2eFn
Pn + −2im
m2 + 2eFn
Qn
}
(57)
where
P0 =
(
0 0
0 |0〉〈0|
)
(58)
Pn =
( |n− 1〉〈n− 1| 0
0 |n〉〈n|
)
(∀n > 1) , (59)
and
Qn =
(
0 |n− 1〉〈n|
|n〉〈n− 1| 0
)
(∀n > 1) . (60)
3.2 Complex salar eld
Let us now onsider the hanges that arise when alulating the eetive
ation Γb, for the same gauge eld onguration. First, we note that the
alulation of Z(p, F ) goes through in the same way as for the Dira ase,
and we diretly arrive to
Γb(A) = −ξ
∫ ∞
0
dT
T
e−m
2T Tr
[
e−T pˆµpˆµ
]
, (61)
where the pˆµ operators are the same as the ones from the Dira eld al-
ulation. The trae Tr is now over the Hilbert spae only. In terms of the
destrution and reation operators aˆ, aˆ† used in the previous subsetion, we
see that:
Γb(A) = −ξ
∫ ∞
0
dT
T
e−m
2T Tr
[
e−T 2eF (Nˆ+
1
2
)
]
, (62)
where Nˆ is the number operator orresponding to aˆ and aˆ†:
Nˆ = aˆ†aˆ . (63)
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Then we write the trae in terms of the eigenvalues,
Γb(A) = −ξ
∫ ∞
0
dT
T
e−m
2T
∞∑
n=0
e−T 2eF (n+
1
2
), (64)
and integrate over T to obtain:
Γb(A) = −ξ
∞∑
n=0
ln
[
m2 + eF (2n+ 1)
]
. (65)
Of ourse, this may be evaluated as in the Dira ase in terms of Hurwitz ζ
funtion:
Γb(A) = ξ
d
ds
[
(2eF )−s ζH
(
s;
1
2
+
m2
2eF
)]∣∣∣
s=0
. (66)
Again, the result is idential to the one of [13℄.
The salar propagator, Gb is simpler than its Dira ounterpart. Indeed,
a straightforward alulation yields:
Gb =
∫ ∞
0
dT e−m
2T e−T 2eF (aˆ
†aˆ+ 1
2
) , (67)
or
Gb =
∞∑
n=0
1
m2 + 2eF (n+ 1
2
)
|n〉〈n| . (68)
3.3 Complex Proa eld
To alulate the eetive ation ΓP (for the same gauge eld onguration
as before), we make again use of the result for Z(p, F ), what in the present
ase leads to
ΓP (A) = −ξ
∫ ∞
0
dT
T
e−m
2T Tr
[
e−T pˆαpˆβΓ
P
αβ
]
, (69)
with the same pˆµ operators as in the Dira eld ase. The trae meant both
over Hilbert spae and Lorentz indies. In terms of the annihilation and
reation operators aˆ, aˆ† we have already introdued, we see that:
ΓP (A) = −ξ
∫ ∞
0
dT
T
e−m
2T Tr
[
e−
eF
2
T Qˆ
]
, (70)
where Qˆ is the operator
Qˆ =
( −(aˆ− aˆ†)2 i(aˆ2 − aˆ†2)
i(aˆ2 − aˆ†2) (aˆ+ aˆ†)2
)
. (71)
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In order to evaluate the trae, it is onvenient to look for the eigenfuntions
and eigenvalues of the Q operator. We rst rewrite Qˆ as follows:
Qˆ = (2Nˆ + 1) I + aˆ2 η + (aˆ†)2 η† , (72)
where I is the 2× 2 identity matrix, while η denotes the nilpotent matrix:
η =
( −1 i
i 1
)
. (73)
Eigenvalues λ and their orresponding eigenvetors |Ψ〉 of Oˆ may be found,
for example, by deomposing (an arbitrary) |Ψ〉 as follows:
|Ψ〉 = |e+〉 ⊗ |χ+〉 + |e−〉 ⊗ |χ−〉 (74)
where |e±〉 are two-omponent vetors:
|e±〉 = 1√
2
(
1
±i
)
, (75)
whih are obviously linearly independent and satisfy:
η|e+〉 = −2 |e−〉 , η†|e−〉 = −2 |e+〉
η†|e+〉 = 0 , η|e−〉 = 0 , (76)
while |χ±〉 are general Hilbert spae vetors (salars with respet to the
Lorentz group).
Inserting the general deomposition into the eigensystem equation, we
obtain: (
2 Nˆ + 1 − λ) |χ+〉 + 2 (aˆ†)2|χ−〉 = 0
2 aˆ2|χ+〉 +
(
2 Nˆ + 1 − λ) |χ−〉 = 0 . (77)
Now it beomes trivial to solve the last system, for example by using the
basis of eigenstates of the number operator for |χ±〉:
|χ±〉 =
∞∑
n=0
C(±)n |n〉 , (78)
where |n〉 denote the eigenvalues of the number operator. This yields re-
urrene relations for the C
(±)
n 's whose solutions are polynomials only if λ
14
equals an odd integer. Otherwise, the resulting eigenfuntions are not regu-
lar, and must therefore be disarded. For the regular solutions, λ = 2l + 1,
l = 0, 1, . . ., there is no degeneray. Thus:
ΓP (A) = −ξ
∫ ∞
0
dT
T
e−m
2T
∞∑
l=0
e−
eF
2
T (2l+1) , (79)
whih may be integrated over T to obtain:
ΓP (A) = −ξ
∞∑
l=0
ln
[
m2 +
eF
2
(2l + 1)
]
. (80)
Of ourse, this is equivalent to the massive salar eld, with the trivial re-
plaement: eF → eF
2
:
ΓP (A) = ξ
d
ds
[
(eF )−s ζH
(
s;
1
2
+
m2
eF
)]∣∣∣
s=0
. (81)
4 Generalization to d = 2k dimensions
The alulations of the previous setion may be easily generalized to the ase
of a onstant Fµν eld onguration in d = 2k dimensions
2
. Indeed, one
easily sees that the eetive ation for the fermioni ase shall be given by
an expression whih is formally idential to (29)
Γf(A) =
∫ ∞
0
dT
T
e−mT
∫
Dp tr
[
Pe−i
∫ T
0 dτ 6p(τ)
]
Z(p, F ) (82)
where Z(p, F ) is given by:
Z(p, F ) =
∫
x(0)=x(T )
Dx ei
∫ T
0 dτx˙µ(τ)pµ(τ) e
ie
2
∫ T
0 dτx˙µ(τ)Fµνxν(τ) , (83)
as follows from the gauge eld onguration:
Aµ(x) = −1
2
Fµνxν , (84)
whih satises the gauge-xing ondition ∂ · A = 0.
The easiest way to alulate Z(p, F ) is to redue the problem to a set
of deoupled 1 + 1-dimensional systems, and then to take advantage of the
2
The essential features of the problem are the same for odd dimensions but they present
subtleties whih deserve a separate treatment [16℄.
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results of the previous setion. That may be done by using the fat that
F ≡ (Fµν) is a real antisymmetri matrix; hene it may be redued to a
blok-diagonal form f by performing a similarity transformation with an
orthogonal matrix R:
F = RT f R . (85)
Eah one of the bloks is 2 × 2 and antisymmetri, so that the redued
matrix has the following struture:
f =

0 f (1) 0 0 0 . . . 0
−f (1) 0 0 0 0 . . . 0
0 0 0 f (2) 0 . . . 0
0 0 −f (2) 0 0 . . . 0
. . .
0 0 0 . . . 0 0 f (k)
0 0 0 . . . 0 −f (k) 0

, (86)
where the f (a), (a = 1, . . . , k) are real numbers, whih we assume to be
dierent from zero (although the partiular ase of one or more of them being
equal to zero may of ourse be dealt with at the end of the alulation). Then
we redene the momenta and oordinates in the path integral, aording to
the following transformation: pµ → (R−1)µνpν , xµ → (R−1)µνxν . The γ
matries are also redened with R and of ourse we arrive to an equivalent
representation of the Cliord algebra. We use the same notation for the new
γ-matries although we have the new representation in mind.
The general form of the matrix F an be further simplied in some par-
tiular ases, when there are some extra restritions on the onguration.
An interesting example orresponds to d = 4, where one has the possibility
of onsidering a self-dual eld:
F˜µν = Fµν , F˜µν ≡ 1
2
ǫµνρλFρλ . (87)
This relation implies that F
2 = −f 2 I, where I is the unit matrix and
f 2 = 1
4
FµνFµν . Then the two bloks in the anonial form for F are de-
generate:
f =

0 f 0 0
−f 0 0 0
0 0 0 f
0 0 −f 0
 , (88)
what does simplify some alulations.
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Rather than using the index µ, we introdue the notation p
(a)
i (a =
1, . . . , k, i = 1, 2), whih distinguishes the omponents aording to the 2×2
blok they belong to. The same onvention is adopted for xµ. Then:
Γf (A) =
∫ T
0
dT
T
e−mT
∫
Dp tr
[
Pe−i
∫ T
0 dτ 6p(τ)
]
Z(p, F ) , (89)
where
Z(p, F ) =
k∏
a=1
∫
x(a)(0)=x(a)(T )
Dx(a) exp
{
i
∫ T
0
dτ
[
x˙
(a)
i (τ)p
(a)
i (τ)
+ i
e
2
f (a)εijx˙
(a)
i (τ)x
(a)
j (τ)
]}
. (90)
Of ourse, for eah value of a we have an integral whih is idential to the
one for the 1 + 1 dimensional ase. Thus:
Z(p, F ) =
k∏
a=1
(
ξ(a) lim
n→∞
(
2π
ef (a)
)n
{
e
− i
ef(a)
∑n
k=1 p
(k)
2 (p
(k+1)
1 −p(k)1 )
})
, (91)
a result whih we inlude into (89), to obtain:
Γf(A) =
[ k∏
a=1
ξ(a)
] ∫ ∞
0
dT
T
e−mT
∫
p
(a)
1 (0)=p
(a)
1 (T )
k∏
a=1
Dpˆ(a) tr
{
P exp [− i ∫ T
0
dτγ(a)p
(a)
j (τ)
]}
× exp [− i ∫ T
0
dτ
k∑
a=1
1
ef (a)
p˙
(a)
1 (τ)p
(a)
2 (τ)
]
, (92)
where:
D̂p(a) =
∏
0<τ≤T
dp
(a)
1 (τ)dp
(a)
2 (τ)
2πef (a)
. (93)
Of ourse, the expression for Γf(A) in (92) may be onverted to:
Γf (A) =
[ k∏
a=1
ξ(a)
] ∫ ∞
0
dT
T
e−mT Tr
[
e−iT
∑k
a=1 6pˆ(a)
]
, (94)
where 6 pˆ(a) ≡ γ(a)1 pˆ(a)1 + γ(a)2 pˆ(a)2 (a is not summed). The pˆ(a) operators verify
the ommutation relations:
[pˆ
(a)
j , pˆ
(b)
k ] = −i f (a) δab εjk , (95)
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and the trae is over Dira and Hilbert spae. Sine the γ matries satisfy
the antiommutation relations:
{γ(a)j , γ(b)k } = 2 δab δjk , (96)
we easily see that:
6 pˆ(a) 6 pˆ(b) = 0 , ∀a 6= b . (97)
Then
Γf(A) =
[ k∏
a=1
ξ(a)
] ∫ ∞
0
dT
T
e−mT
×
[
1 +
∞∑
n1,...,nk=1
k∑
a=1
(
e−iT
√
2ef(a)na + e+iT
√
2ef(a)na
)]
, (98)
or, doing the integral
Γf (A) = −
[ k∏
a=1
ξ(a)
]
×
[
ln(m) +
∞∑
n1=1,...,nk=1
ln
(
m2+
k∑
a=1
(ef (a)na)
)]
. (99)
whih upon regularization leads to the known result ([13℄).
5 Vortex-like bakground in 1 + 1 dimensions
In this setion we onsider a singular bakground, orresponding to a gauge
eld Aµ suh that:∮
C
dxµAµ(x) =
∫
S(C)
d2x εµν ∂µAν = Φ , (100)
where S(C) is the planar region enlosed by C, and Φ is a onstant. In the
symmetri gauge:
Aµ(x) = − Φ
2π
εµν
xν
x2
. (101)
Let us rst onsider a omplex salar eld. In the expression that leads
to its propagator, (9), we integrate out the p variable, obtaining:
Gb(x, y) =
∫ ∞
0
dT e−m
2T
∫ x(T )=x
x(0)=y
Dx
× exp−
∫ T
0
dτ
[1
4
x˙2(τ) + i e x˙µ(τ)Aµ(τ)
]
, (102)
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where we have absorbed a normalization onstant in the integration measure
for x. Next we resale the time variable: τ = T t, 0 ≤ t < 1 to derive the
equivalent representation
Gb(x, y) =
∫ ∞
0
dT e−m
2T
∫ x(1)=x
x(0)=y
Dx
× exp−
∫ 1
0
dt
[ 1
4T
x˙2(t) + i e x˙µ(t)Aµ(t)
]
. (103)
And we reognize (103) as the propagator for a non-relativisti partile of
`mass' (2T )−1 moving in two spatial dimensions in a vortex-like bakground,
orresponding to a time interval equal to −i. Realling the results of ([15℄),
we may write an exat expression for the result of the path integral over
xµ(τ): ∫ x(1)=x
x(0)=y
e−
∫ 1
0 dt
[
1
4T
x˙2(1)+ i e x˙µ(t)Aµ(t)
]
=
e−
1
4T
(x2+y2)
4πT
+∞∑
n=−∞
e−ienΦ
×
∫ +∞
−∞
dλ ei λ
(
θy−θx+2pin
)
Iλ
( |x||y|
2T
)
, (104)
where θx and θy are the angular oordinates of x and y, respetively, while
Iλ is the modied Bessel funtion of order λ.
The sum over n an be transformed by means of Poisson's summation
formula:
+∞∑
n=−∞
ein(2piλ−eΦ) =
+∞∑
k=−∞
δ
(
λ− eΦ
2π
+ k
)
, (105)
and this allows us to integrate out λ. Then:
Gb(x, y) =
∫ ∞
0
dT
4πT
e−m
2T e−
1
4T
(x2+y2) ×
×
+∞∑
k=−∞
ei
[
k+ eΦ
2pi
(θy−θx)
]
Ik+ eΦ
2pi
( |x||y|
2T
)
. (106)
Following [15℄, we perform a unitary transformation in order to absorb
the phase fator ei
eΦ
2pi
(θy−θx)
into the propagator. At the level of elds, the
transformation is
φ(x) = e−i
eΦ
2pi
θx φ˜(x) , φ¯(y) = ei
eΦ
2pi
θy ¯˜φ(y) , (107)
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while for the propagator we have:
G˜b(x, y) ≡ 〈φ˜(x) ¯˜φ(y)〉 = ei eΦ2pi (θx−θy) Gb(x, y)
=
∫ ∞
0
dT
4πT
e−m
2T e−
(x2+y2)
4T ×
+∞∑
k=−∞
eik(θy−θx) Ik+ eΦ
2pi
( |x||y|
2T
)
, (108)
and, of ourse, physial observables are not sensitive to this transformation.
Then we see that the form of the propagator G˜b(x, y) is periodi in the
dierene between the angles θy − θx, and it has the form of an expansion in
`partial waves':
G˜b(x, y) =
+∞∑
k=−∞
eik(θy−θx) G˜(k)b (|x|, |y|) (109)
where eah G˜
(k)
b orresponds to the k
th
partial wave:
G˜
(k)
b (|x|, |y|) =
∫ ∞
0
dT
4πT
e−m
2T e−
(x2+y2)
4T Ik+ eΦ
2pi
( |x||y|
2T
)
. (110)
The integral over T annot be performed exatly, but we may instead
integrate term by term by expanding the Bessel funtion in a `long-distane'
approximation: |x||y| >> T . This amounts to large values of |z| in the
following asymptoti expansion
Iν(z) ∼ e
z
(2πz)
1
2
+∞∑
l=0
(−1)l
(2z)l
Γ(ν + l + 1
2
)
l! Γ(ν − l + 1
2
)
+
e−z+(ν+1/2)ipi
(2πz)
1
2
+∞∑
l=0
1
(2z)l
Γ(ν + l + 1
2
)
l! Γ(ν − l + 1
2
)
. (111)
Inserting the rst line in the previous expansion (the seond is exponentially
suppressed) for for eah partial wave in (110), and integrating out T , we
obtain:
G˜
(k)
b (|x|, |y|) =
1
2π
3
2
+∞∑
l=0
(−1)l
l!
Γ(k + b+ 1
2
+ l)
Γ(k + b+ 1
2
− l)
1
(|x||y|)l+1/2
(∣∣|x| − |y|∣∣
2m
)l+ 1
2 Kl+ 1
2
(
m
∣∣|x| − |y|∣∣) , (112)
where we introdued the dimensionless ux: b ≡ eΦ
2pi
.
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6 Exat results for the massless Dira eld in
1 + 1 dimensions
We will onsider now the massless fermioni propagator in 1+1 dimension in
the presene of an arbitrary external eld. The result is known to be solvable
[17℄. We start with the fermioni propagator given by (4) with the vetor
eld Aµ written in the form
Aµ(x) = ∂µχ+ iǫµν∂νφ. (113)
this is always possible in 1+1 dimension. The last fator in the path integral
in Eq. (4) reads
−ie
∫ T
0
dτx˙(τ) · A[x(τ)] = −ie
∫ T
0
dτx˙µ(τ) · (∂µχ+ iǫµν∂νφ) (114)
The rst term gives a total derivative in the integral over the path whih is
independent of the path and an be taken out of the path integral
−ie
∫ T
0
dτx˙(τ) · A[x(τ)] = −ie(χ(x)− χ(y))− ie
∫ T
0
dτx˙µ(τ)iǫµν∂νφ (115)
As was shown in [10, 11℄ terms with a x˙(τ) an be substituted by a γ inside
the path integral. Thus the path integral an be written in the following
form
Gf(x, y,m) = e
−ie(χ(x)−χ(y))
∫ ∞
0
dT e−mT
∫ x(T )=x
x(0)=y
DpDx ei
∫ T
0
dτp(τ)·x˙(τ)
× P[e−i
∫ T
0
dτ 6p(τ)−eγ5 6∂φ] , (116)
where we have used the fat that, in 2 dimensions,
iγµǫµν∂ν = −γ5 6∂ . (117)
Consider now the ation of the following innitesimal transformation on
a free fermioni propagator
Gαf (x, y,m) = e
ieγ5α(x)Gf (x, y,m)e
ieγ5α(y)
(118)
where α(x) is innitesimal. Then the rst order variation an be written as
follows
δGαf (x, y,m) = G
α
f (x, y,m)−G0f(x, y,m) (119)
= ieγ5α(x)Gf(x, y,m) + ieGf(x, y,m)γ5α(y)
= ieγ5α(x)Gf(x, y,m)− ieγ5α(y)Gf(x, y,−m).
21
From the last equality it follows that for massless Dira elds we have
δGαf (x, y,m = 0) = ieγ5(α(x)− α(y))Gf(x, y,m = 0). (120)
The same will apply for the propagator in the presene of an external ele-
tromagneti eld, for the propagator in (122). Then we will have
Gαf (x, y, φ) = [1 + ieγ5(α(x)− α(y)]Gf(x, y, φ) (121)
= eieγ5[α(x)−α(y)]Gf (x, y, φ)
The fator an be introdued in the path integral, it appears as a term of
the same form of the φ
Gf(x, y,m) = e
−ie(χ(x)−χ(y))
∫ ∞
0
dT e−mT
∫ x(T )=x
x(0)=y
DpDx ei
∫ T
0
dτp(τ)·x˙(τ)
× P[e−i
∫ T
0
dτ 6p(τ)−eγ5 6∂(φ+α)] . (122)
One may then hoose α to anel the φ term. The nal result is therefore:
Gf(x, y, φ) = e
−ieγ5φ(x)Gf (x, y)e−ieγ5φ(y) , (123)
an expression ould be useful in the numerial implementation of fermioni
path integrals, whih is a long-standing problem.
7 Anomalies and path roughness
The anomaly A orresponding to a global axial transformation of the Dira
elds:
δψ = i ξ γ5 ψ
δψ¯ = i ξ ψ¯γ5 , (124)
is determined by the (funtional and Dira) regularized trae of γ5,
A = lim
M→∞
Tr
[
γ5 f(
− 6D2
M2
)
]
(125)
where f is a regulating funtion whih veries the onditions:
f(0) = 1 , f(±∞) = f ′(±∞) = f ′′(±∞) = . . . = 0 . (126)
With the hoie f(x) = 1/(1 + x2), and after a little algebra we obtain
the equivalent expression:
A = lim
M→∞
M Tr
[
γ5
( 6D +M)−1] . (127)
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This of ourse may be written in terms of the propagator for a massive eld,
as follows:
A = lim
M→∞
M tr
[
γ5Gf(x, x)
]
(128)
where tr denotes the trae over spin indies only. Introduing the worldline
representation, we see that
A = lim
M→∞
M tr
[
γ5Gf(x, x)
]
=
∫ ∞
0
dT e−mT
∫
x(0)=x(T )
DpDx ei
∫ T
0 dτp(τ)·x˙(τ)
× tr
[
γ5Pe−i
∫ T
0
dτ 6p(τ)
]
e−ie
∫ T
0
dτx˙(τ)·A[x(τ)] . (129)
Then we note that γ5 an, inside the path integral, be written purely in terms
of x˙µ(τ) and its derivatives, by using relations of the kind already introdued
in [11℄. There we related the average of γµ to x˙µ. Now, with a preise form
that shall depend on the number of spaetime dimensions, we an relate the
average of γ5 to (the average of) a produt of x˙µ and its derivatives. Sine the
order in the produt matters, we have to introdue a time splitting between
the dierent fators.
To be more onrete, let us onsider the ase d = 2. Sine γ5 = −iγ1γ2,
Ad=2 = −i lim
M→∞
M
∫ ∞
0
dT e−mT
∫
x(0)=x(T )
DpDx ei
∫ T
0 dτp(τ)·x˙(τ)
× x˙1(T )x˙2(T − ǫ)tr
[
Pe−i
∫ T
0 dτ 6p(τ)
]
e−ie
∫ T
0 dτx˙(τ)·A[x(τ)] , (130)
where ǫ is a positive innitesimal parameter, to be taken to zero at the end
of the alulation. Of ourse, we may use the more symmetri expression:
Ad=2 = − i
2
lim
M→∞
M
∫ ∞
0
dT e−mT
∫
x(0)=x(T )
DpDx ei
∫ T
0
dτp(τ)·x˙(τ)
× εµν x˙µ(T )x˙ν(T − ǫ)tr
[
Pe−i
∫ T
0
dτ 6p(τ)
]
e−ie
∫ T
0
dτx˙(τ)·A[x(τ)] , (131)
for whih we use the notation:
Ad=2 = − i
2
lim
M→∞
M
∫ ∞
0
dT e−mT 〈εµν x˙µ(T )x˙ν(T − ǫ)〉 . (132)
Expanding for small ǫ,
Ad=2 = i
2
lim
M→∞
M
∫ ∞
0
dT e−mT ǫ 〈εµν x˙µ(T )x¨ν(T )〉 , (133)
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whih shows that, in order to have a non-vanishing hiral anomaly in d = 2,
the orrelation funtion between x˙µ and x¨ν , has to be singular at the o-
inidene limit
3
. More preisely, the orrelator between the veloity and
the aeleration in orthogonal diretions has to diverge as ǫ−1. The objet
that appears inside the average symbol an also be given a geometri inter-
pretation: indeed, if one uses the natural parameterization for the paths:
xµ = xµ(s) (⇒ x˙2 = 1), then:
1
2
〈εµν x˙µ(T )x¨ν(T )〉 = 〈dθ(s)
ds
〉 (134)
where θ(s) is the angle between the tangent vetor to the urve and a (xed)
referene line
4
.
In this way, we an rephrase our statement about the roughness: 〈dθ(s)
ds
〉
is singular (∼ ǫ−1) when the anomaly is non-vanishing.
In d = 4, an entirely similar proedure yields
Ad=4 = − i
6
lim
M→∞
M
∫ ∞
0
dTe−mT 〈εµνρσx˙µ(T )x˙ν(T −ǫ)x˙ρ(T −2ǫ)x˙σ(T −3ǫ)〉 ,
(135)
whih, in order for the lhs to be dierent from zero, requires a dierent kind
of singularity in the orrelation funtions, sine it involves up to to de fourth
derivative of the urve. Its geometrial meaning is less appealing than in four
dimensions (it is proportional to the rate of variation of the bi-torsion of the
urve).
8 Conlusions
We have arried further the rst-order spin formalism for the worldline, pro-
viding new tests and appliations for Migdal's onstrution. We have thus
obtained with this method, new expressions for the propagators and ee-
tive ations of the Dira, Proa and omplex salar elds oupled to Abelian
gauge elds. A remarkable result is the universality of the path order spin
fator. In fat this an be seen as a natural onsequene of the geometri
representation and are extendible to higher spin elds.
For onstant eletromagneti elds in two dimensions we have shown that
our results agree with the results from the zeta-funtion renormalization. The
results have been then generalized to d even dimensions. Notie that the rst
3
Similar qualitative results have been obtained in referene [18℄ for the eetive ation
in the seond order formalism.
4
This objet also appears in the `Polyakov phase fator'. See, for example [19℄.
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order formalism one an inorporate the quantum utuations of the gauge
eld. We have obtained an exat expression for the fermioni propagator in
1+1 dimensions. Other new results are the vortex onguration and the axial
anomaly where the results an be understood in terms of a very attrative
geometri feature of the ontributing paths.
This an provide a useful ontribution to the progress in nonperturba-
tive quantum eld dynamis within the worldline. Speially for its numerial
implementation, whih appears as a powerful new alternative [9℄. Work in
progress in odd dimensions indiates promising features of transferring inter-
nal degrees of freedom to geometrial properties of spae time whih ould
hopefully allow to inlude non Abelian elds.
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